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Abstract
Taking advantage of the representation of dilatonic gravity with the R2-term under the
form of low-derivative dilatonic gravity coupled to an additonal scalar, we construct a general
renormalizable model motivated by this theory. Exact black hole solutions are found for some
specific versions of the model, and their thermodynamical properties are described in detail.
In particular, their horizons and temperatures are calculated. Finally, the corresponding
one-loop effective action is obtained in the conformal gauge, and a number of its properties
—including the construction of one-loop finite models— are briefly described.
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1. Introduction. Recently, the study of two-dimensional (2D) dilatonic gravity has become
very interesting, both at the classical and at the quantum level, for a variety of reasons. In
the first place, this theory is closely connected with string theory (see [1] for a review on
this point), where it appears as a sort of effective action. Secondly, dilatonic gravity itself
can be represented under the form of a sigma model (see, for example, Ref. [2]), what helps
to understand the connection between the conformal properties of the corresponding sigma
model and the solutions of dilatonic gravity [3]. Finally, the hope exists that through the
study of ‘easier’ 2D models one can get some insights useful for the investigation of realistic
4D gravity.
So far, the main activity has been concentrated on the study of ordinary dilatonic gravity
with matter. However, there are different motivations for studying in such theory —in
addition to the dilaton— another scalar of similar nature. For example, in string theory this
scalar is the modulus field, which is connected with the radius of the compactified space (see,
for example, [4]). In charged string theory there also appears an additional scalar, called
spectator field (see, for instance, [5]). The additional scalar may be interpreted as a Liouville
field [6], in some cases. Furthermore, as we will show in the next section, the scalar field
appears in dilatonic gravity with an R2-term, on lowering the number of derivatives.
In this letter we formulate the theory of renormalizable dilatonic gravity with matter,
coupled to a scalar field (Sect. 2). The study of solutions of black hole type for a few
different variants of such theory is carried out in Sect. 3, with a systematic description of
their properties. Finally, Sect. 4 is devoted to the study of the one-loop effective action of
the model under consideration.
2. Dilatonic gravity coupled to a scalar field. We start from the theory of dilatonic
gravity with an R2-term. The Lagrangian can be written in the following form
L =
1
2
Z(φ)gµν∂µφ∂νφ+ C(φ)R + V (φ) + ω(φ)R
2 − 1
2
f(φ)gµν∂µχi∂νχ
i, (1)
where φ is the dilaton field, χi are scalars (i = 1, 2, . . . , n), and where the dilatonic functions
Z(φ), C(φ), V (φ), ω(φ) and f(φ) are assumed to be analytic in φ. At the classical level,
the theory (1) represents a particular case of the most general theory of higher-derivative
dilatonic gravity that was studied in Ref. [7]. The theory is motivated by the consideration of
string theory in the background of massive modes (for a recent discussion see, for instance,
[8]). At the quantum level, however, the theory (1) belongs to a different class than the
models of [7]. In particular, one is not able to obtain the one-loop effective action of theory
(1) from the general one-loop effective action in [7] (since the corresponding limit is singular).
As is well known, the calculations in the theory of higher-derivative quantum gravity are
very involved (for a review, see [9]) and it is always preferable to work, when possible, with
a low-derivative theory. One can reduce the order of the derivatives in (1) by introducing
an auxiliary scalar, ψ = 2ω(φ)R, according to the trick in Ref. [10]:
S =
∫
d2x
√−g
{
1
2
Z(φ)gµν∂µφ∂νφ+ [C(φ) + ψ]R− 1
4ω(ψ)
ψ2 + V (φ)
−1
2
f(φ)gµν∂µχi∂νχ
i
}
. (2)
This new theory is equivalent to the theory (1). At the same time, we get in this way an
example of dilatonic gravity coupled with an additional scalar, which can be also interpreted
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as a Liouville field or a matter scalar, or as a kind of spectator field —as we have mentioned
in the introduction.
For what has been said, it is interesting to spend some time in the construction of the
most general theory of renormalizable dilatonic gravity coupled to an additional scalar field.
Starting from (1), its natural generalization looks like
S =
∫
d2x
√−g
{
1
2
Z(ij)(φ)g
µν∂µφ
i∂νφ
j + C(φ)R + V (φ)
−1
2
f(φ)gµν∂µχa∂νχ
a
}
, (3)
where we have now two scalars φi, i = 1, 2, representing the dilaton and Liouville (or matter)
scalar field, while the χa are the matter scalars. The kinetic matrix Z(ij)(φ) is considered
to be symmetric and the functions C(φ), V (φ) and f(φ) depend now (obviously) on both
fields φ1 and φ2. It is easy to see that the theory (3) is renormalizable in a generalized sense
(unlike Einstein’s 2D gravity [11]). Its one-loop renormalizability will be discussed in Sect.
4.
3. Solutions of black hole type. To begin with, we will consider some simple versions
of the theory (1) (without matter), at the classical level, and will search for solutions of
black hole type. In all we will consider four different models, each of them being a particular
representative of (3), given by the Lagrangians:
LI =
1
8πG
ψ(R + Λ1) + bg
µν∂µφ∂νφ+ γφR + e
−2aφΛ, (4)
LII =
1
8πG
(
ψR− ψ
2
4ω(φ)
)
+ bgµν∂µφ∂νφ+ γφR + e
−2aφΛ, (5)
LIII =
1
8πG
ψ(R + Λ1) + e
a1φgµν∂µφ∂νφ+ e
−2aφΛ + γea2φR, (6)
LIV =
1
8πG
(
ψR− ψ
2
4ω(φ)
)
+ ea1φgµν∂µφ∂νφ+ e
−2aφΛ + γea2φR. (7)
The first Lagrangian, LI , describes Jackiw-Teitelboim (JT) dilatonic gravity [12], with the
dilaton ψ interacting with a Liouville theory (φ is the Liouville field). Model II corresponds
to the interaction of some different dilatonic gravity with a Liouville theory. This model can
be also interpreted (after eliminating ψ and rescaling γ → γ/(8πG)) as a particular version
of dilaton gravity with an R2-term (1). R.B. Mann has recently considered black hole type
solutions in models similar to (4) and (5) (albeit with a different dilatonic gravity part, see
[6, 13]). Here we will use a technique similar to that of Ref. [6], specially to calculate the
ADM mass (in the limit x→∞). Model III represents the interaction of JT gravity with a
bosonic string-like effective action. Finally, the Lagrangian IV describes another version of
the dilatonic gravity (1) with an R2-term (again with γ → γ/(8πG)).
Choosing a static metric of the form
ds2 = −g(x)dt2 + g(x)−1dx2 (8)
one can solve the classical field equations and try to find configurations corresponding to
black holes. The results are given in Tables 1 to 4. Two general comments are in order.
Concerning the ± sign of the horizon, it is understood that when there is only one horizon
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Characteristics Model I
Fields g(x) =
a2Λ
b
+Dx+
Λ1
2
x2, ψ(x) = Bx, φ(x) =
1
a
ln x
Parameters D =
4πGb
a2B
Λ1, B 6= 0 arbitrary
M (ADM mass) −2πGb
2
a4B
Λ1 +
Ba2
8πGb
Λ
BH criteria (i) Λ1 > 0 (B < 0 always)
two horizons if Λ > 0, b > 0, b3 >
a6B2Λ
8π2G2Λ1
one horizon if Λ · b < 0
BH criteria (ii) Λ1 < 0 (B > 0 always)
two horizons if Λ > 0, b < 0 |b3| > a
6B2Λ
8π2G2|Λ1|
one horizon if Λ · b > 0
Curvature −Λ1
Horizon −4πGb
a2B
±
√√√√(4πGb
a2B
)2
− 2a
2Λ
Λ1B
Temperature
|Λ1|
4π
√√√√(4πGb
a2B
)2
− 2a
2Λ
Λ1B
Table 1: Characteristics of the solutions of black hole type corresponding to model I.
Characteristics Model II
Fields g(x) =
a2Λ
b
+ Ax+ Cx2, ψ(x) = −8πGb
a2
, φ(x) =
1
a
ln x
Parameters C =
2πGb
a2ω0
, A 6= 0 arbitrary, ω(φ) = ω0 = const.
M (ADM mass) − bA
2a2
BH criteria (i) b/ω0 > 0
two horizons if Λ > 0, A < 0, A2 >
8πGΛ
ω0
one horizon if A · Λ > 0
BH criteria (ii) b/ω0 < 0
two horizons if Λ < 0, A < 0, A2 >
8πGΛ
ω0
one horizon if A · Λ < 0
Curvature −4πGb
a2ω0
Horizon
ω0|A|
4πGb
(
−1±
√
1− 8πGΛ
ω0A2
)
Temperature
|A|
4π
√
1− 8πGΛ
ω0A2
Table 2: Characteristics of the solutions of black hole type corresponding to model II.
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Characteristics Model III
Fields g(x) = C +Dx+
Λ1
2
x2, ψ(x) =
A
x2
+
B
x4
, φ(x) = E ln x
Parameters a1 =
a2
2
= −4a
3
, A =
64πG
9a22
48γ + 9a22(Λ/Λ1)
2
16γ + 3a22(Λ/Λ1)
2
, B = −8πGγ,
C = −γa
2
2Λ1
16
, D = −3a
2
2Λ
32
, E = − 4
a2
BH criteria (i) Λ1 > 0
two horizons if Λ < 0, γ < 0, a22 >
128Λ21
9Λ2
|γ|
one horizon if γ > 0
BH criteria (ii) Λ1 < 0
two horizons if Λ > 0, γ < 0, a22 >
128Λ21
9Λ2
|γ|
one horizon if γ > 0
Curvature −Λ1
Horizon
3a22Λ
32Λ1

−1 ±
√√√√1 + 128γΛ2
9a22Λ
2
1


Temperature
|Λ1a2|
16π
√√√√9a22Λ2
64Λ21
+ 2γ
Table 3: Characteristics of the solutions of black hole type corresponding to model III.
Characteristics Model IV
Fields g(x) =
A
x
+Bx, ψ(x) = −4A
(
C
x5
+
E
x7
)
, φ(x) = D lnx,
ω(φ) = Ce−2φ/D + Ee−4φ/D =
C
x2
+
E
x4
Parameters a1 =
7a2
5
= −7a
5
, A =
28a22Λ
775
, B = −224a
4
2Λγ
135625
,
C =
1550πGγ
28a22Λ
, D = − 5
a2
, E = −19375πG
784a42Λ
BH criteria γ > 0, Λ < 0
one horizon always
Curvature −56a
2
2Λ
775x
Horizon
√
175
8a22γ
Temperature
112a42γ|Λ|
135625π
Table 4: Characteristics of the solutions of black hole type corresponding to model IV.
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the + sign is chosen. Moreover, we always take x = |x| = r, so that x is assumed to be
positive.
For the first three models we have found cosmological black hole type solutions, which
have been analyzed both for asymptotically de Sitter and anti-de Sitter spacetimes. As we
see from the tables, a wide variety of cases with single and double horizons is obtained,
depending on the sign of the parameters.
The Λ = 0 case for models I and II can be obtained strightforwardly by just taking the
Λ→ 0 limit of all quantities shown on the first two tables, except for the black hole criteria
since, in that case, we find one horizon only, located at xH = −8πGb/(a2B), with Λ, b > 0
and B < 0, for the first model, and at xH = −ω0a2A/(2πGb), with b, ω0 > 0 and A < 0, for
the second one.
The solution for model IV corresponds to a real black hole with an event horizon. It
exhibits a metric and curvature singularity at x = 0. Notice that for γ < 0 this singularity
will be a naked one. Other interesting quantities, as the ADM mass (which turns out to be
zero or, better, ‘compatible’ with zero), the curvature and the temperature of the black holes
are also given, in order to obtain a sufficiently detailed picture of the models considered.
Summing up, we have investigated here the black hole solutions of several models of
dilatonic gravity coupled to a Liouville theory. It is interesting to observe that in the case of
JT dilatonic gravity (without the field φ) a regular black hole of cosmological type has been
first discovered in Ref. [14]. Our results provide a straightforward extension of this type of
black holes for the case when an additional scalar field is present. In a similar way one can
construct black hole solutions for the other versions of (3).
4. The one-loop effective action. Let us now consider the theory (3) at the quantum
level. Using the standard Schwinger-De Witt algorithm and the background field method,
the corresponding quantum effective action can be calculated without problems. For the
case of standard dilatonic gravity this has been done in great detail in Refs. [15, 16]. That
calculation can be repeated here, to deal with the more complicated cases in which we are
interested. The starting point of the background field method is now
φi −→ φi + ϕi, χa −→ χa + ηa, gµν −→ eσgµν . (9)
The calculation is, however, rather tedious and straightforward, since it just makes use of
the well-known techniques mentioned already, so we have decided to spare the reader all
details and to present the final results only. They correspond to the one-loop effective action
in the conformal gauge, and are:
Γdiv =
1
4πǫ
∫
d2x
√−g
{(
23− n
6
+ C ii
)
R + V ii + 2G
∗
iV
i +G∗∗V
+
(
f ii
2
− fif
i
2f
)
gµν∂µχa∂νχ
a −
(
Z i(ij) +G
i∗Cij
)
∆φj
+
[
1
4
Aij(φ) + n
fifj
4f 2
]
gµν∂µφi∂νφj
}
, (10)
where
GAB =
(
Z(ij) Cj
Ci 0
)
, GAB = (GAB)
−1 =
(
Gij Gj∗
Gi∗ G∗∗
)
, (11)
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and GAB is supposed to be invertible. The indices are rised with the spacetime metric
corresponding to the inverse configuration, Gij, for instance,
V i = GijVj , Z
(i
j) = G
ikZ(kj). (12)
The derivatives of the functions in (10) are denoted with lower latin indices, e.g. Ci =
δC
δφi
and, in (10),
Akl(φ) = Z(ij)k Z(ij)l + 2Zj(ik)Z i(jl) − 2Z(ik)jZj(il) + 4Gi∗Gj∗CikCjl
+2
[
Gi∗Cjk(Z(ij)l + Z(jl)i − Z(il)j) + (k ↔ l)
]
+2Z i(kl)i − 2Z i(ik)l − 2Z i(il)k − 4Gi∗Cikl. (13)
The one-loop effective action (10) looks rather complicated, although it shows explicitly
that the theory is one-loop renormalizable. By looking at the zeros of the generalized beta
functions one should be able to find the fixed points of the generalized renormalization group,
and to construct the corresponding finite dilatonic gravity models of type (3). In particular,
it follows from (10) that the theory (3) with all dilatonic coupling functions being constants is
finite (for V = 0, n = 23), and such a model is certainly a fixed point of the renormalization
group.
Specifying the general answer (11) to the model (2) one can easily obtain the one-loop
effective action corresponding to (2), e.g. in the formulation of the theory with the auxiliary
field ψ. After eliminating the auxiliary field by means of the constraint ψ = 2ω(φ)R —the
usual way to proceed in the background field method (see, for example, [17])— we get
Γdiv =
1
4πǫ
∫
d2x
√−g
{(
11− n
6
+
C ′′
Z
− 2C
′ω′
ωZ
)
R− (1/ω)
′′ω2
Z
R2 +
V ′′
Z
− (C
′)2
2ωZ
+
(
n(f ′)2
4f 2
− 3(Z
′)2
4Z2
+
Z ′′
2Z
)
gµν∂µφ∂νφ−
(
f ′′
2Z
− (f
′)2
2fZ
)
gµν∂µχi∂νχ
i
}
, (14)
The R2-term in (14) can be eliminated via the equation of motion δS/δφ = 0 for the theory
(1).
Starting from (1) a whole set of models that are one-loop finite can be given, which
hence correspond to the fixed points of the generalized renormalization group. One of this
examples is given by model (1) itself with the following dilatonic functions:
n = 11, Z(φ) =
α3 exp(α2φ)
[α4 exp(2α2φ) + 1]2
, f(φ) = α1 exp(α2φ/
√
11),
ω(φ) = const., C(φ) = 2α5φ+ α6, V (φ) =
α25
ω
φ2 + α7φ+ α8, (15)
where α1, . . . , α8, are arbitrary constants.
It is also interesting to remark that —as in the case of standard dilatonic gravity (see
[18] and the paper by Chamseddine in [12])— the model (3) can be easily represented, in
the conformal gauge gµν = e
σg¯µν , as a sigma model of the special form:
S =
∫
d2x
√−g¯
(
1
2
GA˜B˜ g¯
µν∂µφ˜
A˜∂ν φ˜
B˜ + R¯ψ + T
)
, (16)
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with φ˜A˜ = (φi, σ, χa), and where
GA˜B˜ =

 Z(ij) Cj 0Ci 0 0
0 0 f(φ)δab

 , ψ = C(φ), T = eσV (φ). (17)
Then an alternative way to calculate the one-loop effective action (13) is to use the standard
string β-functions of the σ-model approach [19, 20], with the background (17). An interesting
(although not easy) task would be to try to understand the connection between the conformal
properties of the σ-model (16) and those of the black hole type solutions that appear in the
related theory of string-inspired gravity (similar to Ref. [3]). We plan to return to these
questions in the near future.
In summary, we have studied in this letter a quite general (one-loop) renormalizable the-
ory of dilatonic gravity coupled to a scalar field. For some particular cases of this theory, we
have investigated in some detail their cosmological black hole solutions, obtaining their main
characteristics, as the ADM mass, the horizon structure and the black-hole temperature. To
conclude, the one-loop effective action has been obtained, and the precise connection of the
theory with its formulation in terms of a sigma model has been described.
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